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Preface 



The detailed understanding of matter, its phase transitions and its interaction with 
radiation could be only reached, after its microscopic structure determined by the 
kind of atoms or molecules as basic constituents of matter had been investigated. 
This knowledge allowed the controlled optimization of characteristic properties of 
matter. Atomic physics therefore represents not only an area of important fundamental 
research, but has furthermore many applications which have essentially formed our 
present technical world. The understanding of materials and their use in daily life, 
has major impact of our culture and our attitude towards nature and our environment. 

This textbook is aimed as an introduction to the microscopic world of atoms, mo- 
lecules and photons. It illustrates how our knowledge about the microscopic structure 
of matter and radiation came about and which crucial experiments forced an exten- 
sion and refinement of existing classical theories, culminating in the development of 
quantum theory, which is now accepted as the basic theory of atomic and molecular 
physics. 

The book therefore starts with a short historical review about the role of ex- 
periments for correcting erroneous ideas and proving the existence of atoms and 
molecules. The close interaction between experiments and theory has been one of the 
reasons for the rapid development of atomic physics in the 19 th and 20 th centuries. 
Examples are the kinetic theory of gases, which could be completely understood by 
the assumption of moving atoms in the gas, or the postulation of energy quanta in the 
radiation held, which could explain the discrepancy between measurements of the 
spectral energy distribution of thermal radiation fields and classical electrodynamics. 

The new ideas of quantum physics and their corroboration by experiments are 
discussed in Chap. 3 while the fundamental equations of quantum mechanics and 
their applications to some simple examples are explained in Chap. 4. 

A theory can be best understood by applications to a real situation. In Chap. 5 the 
quantum theory of the simplest real system, namely the hydrogen atom, is presented. 
Here it is again illustrated, that experiments enforced an extension of quantum me- 
chanics to quantum electrodynamics in order to understand all experimental results. 
The description of larger atoms with many electrons is treated in Chap. 6, which also 
reduces the chemical properties of chemical elements to the structure of the electron 
shells and explains why all elements can be arranged in a periodic table. 

The important subject of interaction of matter with radiation is discussed in 
Chap. 7. This prepares the ground for the explanation of lasers, treated in Chap. 8. 

Molecules, consisting of two or more atoms, form the basis for the great variety of 
our world. They are discussed in Chaps. 9 and 10. In particular the question, why and 
how atoms can form stable molecules, and which kind of interaction occurs, is treated 
in more detail. In Chap. 1 1 the different experimental techniques for the investigation 
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of atoms and molecules are presented, in order to give the reader a feeling for the 
inventive ideas and the necessary experimental skill for their realization. The last 
chapter presents a short overview on recent developments in atomic and molecular 
physics, which shall demonstrate that physics will be never a complete and finalized 
field. There is still much to explore and new ideas and scientific enthusiasm is needed, 
to push the border of our knowledge further ahead. Some examples in this chapter also 
illustrate possible important applications of new ideas such as the quantum computer 
or new techniques of frequency metrology used in the world wide global positioning 
system GPS. 

Many people have helped to publish this book. First of all I would like to thank 
the team of LE-TeX, who have made the layout. In particular Uwe Matrisch, who has 
looked after the editing process and who has taken care of many handwritten remarks 
and corrections of the author with great patience. Dr. Schneider from Springer- Verlag 
has always supported this project, although it took longer as anticipated. 

Many thanks go to all colleagues who have given their permission to reproduce 
figures or tables. 

This book is an extended version of volume 3 of a German textbook consisting 
of 4 volumes. The authors hopes, that it will find a comparable good acceptance as 
the German version. He will be grateful for any reply of readers, giving corrections 
of possible errors or hints to improvements. Any of such replies will be answered 
as soon as possible. A textbook lives from the active collaboration of its readers and 
the author looks foreward to a lively correspondence with his readers. He hopes that 
this book can contribute to a better understanding of this fascinating field of atoms, 
molecules and photons. 



Kaiserslautern, 
August 2005 



Wolfgang Demtroder 
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1. Introduction 



This book deals with the microscopic building blocks 
of matter: atoms and molecules. These are the smallest 
particles responsible for the characteristic properties of 
gases, liquids and solids. Although with modern tech- 
niques they can be split into still smaller particles, such 
as electrons, protons and neutrons, these latter “elemen- 
tary particles” do not bear the characteristic features of 
the specific macroscopic body formed by atoms or mo- 
lecules. We will discuss in detail in this textbook how 
the diversity of macroscopic bodies and their properties 
are related to their composition of atoms and molecules. 
We will, however, restrict the treatment to free atoms 
and molecules because a detailed discussion of the mi- 
croscopic structure of solids would increase the size of 
this book beyond reason. 

A very important issue of atomic physics is the in- 
teraction of atoms and molecules with electromagnetic 
radiation, which can be absorbed or emitted by these 
particles. Photons, or “energy quanta,” are the consti- 
tuents of electromagnetic radiation and are created or 
annihilated by matter. They therefore form an essential 
part of the microscopic world. 

“Classical physics” was already a well-established 
closed theory at the end of the 19th century and could 
explain nearly all aspects of fields such as mechanics, 
electrodynamics and optics. Only the theory of relativity 
and the physics of nonlinear phenomena, leading to the 
discovery of chaos, were later developed. 

On the other side, most of the discoveries about 
atoms and molecules were made during the 20th century 
and even the last decade brought us still many surprises 
in atomic and molecular physics. The reasons for this 
relatively late development of atomic physics are mani- 
fold. First of all, the objects in this field are very small 
and cannot be viewed by the naked eye. Many sophisti- 
cated experimental techniques had to be invented first 
in order to gain reliable information on these micropar- 
ticles. Furthermore it turned out that classical theories 



were not adequate to describe atoms and molecules and 
their interactions. After a new theory called “quantum 
theory” was developed in the first three decades of the 
20th century, a rapid progress in atomic and molecular 
physics took place, and our knowledge on this field in- 
creased explosively. Nevertheless there are still a large 
number of open questions and poorly understood phe- 
nomena that await their solutions by future generations 
of researchers. 

1.1 Contents and Importance 
of Atomic Physics 

Atomic physics deals with the structure of atoms, their 
mutual interaction and their dynamics, i. e., their time- 
dependent properties. The goal of experimental and 
theoretical efforts in this field is the full understanding 
of macroscopic properties of matter on the basis of its 
microscopic composition of the constituent atoms and 
a quantitative description of the relations between mi- 
croscopic and macroscopic features. We will later see 
that this goal has, besides its essential contribution to 
fundamental physics and a new concept of nature, an 
enormous influence on technical applications. 

At the beginning of the 20th century, when atomic 
physics started to develop as an original field, it was 
regarded as pure fundamental science, with no practical 
application. Lord Ernest Rutherford (1871-1937), one 
of the pioneers of early atomic physics, wrote as early as 
1927, after the discovery of possible transformations of 
atoms through impact by energetic particles, “Anyone 
who expects a source of power from transformation 
of atoms is talking moonshine.” This point of view 
has radically changed. Although there is quite intensive 
fundamental research in atomic physics, the number 
of scientific and technical applications has increased 
enormously. 
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1. Introduction 



The methods developed in atomic physics are mean- 
while used routinely in chemistry, biology, medicine 
and industry. In particular the instruments invented du- 
ring research work in atomic physics, such as the X-ray 
tube, the electron microscope, the oscilloscope, spectro- 
meters, tomographers, lasers etc., are now indispensable 
tools in other scientific fields or for the solution of 
technical problems. 

The importance of atomic physics is therefore 
not restricted to physics. Atomic physics, together 
with molecular physics, forms the foundations of che- 
mistry. It explains the chemical properties of atoms 
and the order of elements in the periodic table, the 
binding of molecules and the molecular structure. 
Chemical reactions are reduced to collisions between 
atoms and molecules. Because of its importance, 
a new branch of chemistry called “quantum che- 
mistry” has been established, which deals with the 
theoretical foundation of chemistry based on quantum 
theory. The famous natural philosopher Georg Chri- 
stoph Lichtenberg (1742-1799) wrote, “Someone who 
only knows chemistry does not really understand it 
either.” 

The complex reactions in the earth's atmosphere are 
started by the interaction of sunlight with atoms and mo- 
lecules leading to energy deposition in molecules, their 
ionization and dissociation into fragments. Collisions 
between these particles can further increase the number 
of possible chemical reactions. The reaction probabi- 
lity depends not only on the temperature but also on 
the internal energy and structure of the collision part- 
ners. A more detailed understanding of these processes 
and the influence of man-made pollutant substances on 
such processes is of crucial importance for the survival 
of mankind [1.1—4], 

During recent years the molecular basis of bio- 
logical processes has been widely investigated. New 
experimental techniques of atomic physics have been 
applied to the studies of living cells and the reacti- 
ons proceeding inside a cell. It is now possible to 
follow the paths of single molecules intruding a cell 
using spectroscopic methods of high spatial and spectral 
resolution [1.5]. 

Also in medicine, many diagnostic tools are borro- 
wed from atomic physics and even therapeutic methods, 
such as specific laser treatment of cancer or irradia- 
tion with particle beams, are based on investigations in 
atomic physics. 



The development of star models in astrophysics has 
gained important stimulation from laboratory experi- 
ments on absorption and emission of radiation by atoms 
or ions, on recombination processes between free elec- 
trons and ions or on lifetimes of excited atoms and on 
collision processes between electrons, ions and neu- 
tral atoms and molecules. Besides high-energy physics, 
atomic physics has considerably contributed to a bet- 
ter understanding of the formation of stars, on radiation 
transport and on the structure of star atmospheres [1.6]. 

Atomic physics has also played an essential role 
for the optimization of modem technical developments. 
One famous example is the rapidly increasing manifold 
of lasers and their various applications [1.7]. Mo- 
dern illumination techniques with energy saving lamps, 
discharge tubes or light emitting diodes are essentially 
applied atomic physics [1.8]. New procedures for the 
nondestructive inspection of materials or for the enhan- 
cement of catalytic reactions on surfaces are based on 
results of research in atomic physics. For many tech- 
nical developments in the production of semiconductor 
chips, such as the controlled diffusion of impurity atoms 
into the semiconductor or the interaction of gases and 
vapors with solid surfaces, which are processes studied 
in atomic physics, play an essential role [1.9, 10]. With- 
out exaggeration, one may therefore say that atomic 
physics has an important share in the development of 
modern technology and this will certainly increase even 
more in the future. 

For metrology the measuring techniques developed 
in atomic physics have increased the achievable accu- 
racy by several orders of magnitude [1.11]. With laser 
spectroscopic methods, for example, the absolute values 
of fundamental physical constants, such as the Rydberg 
constant, the fine structure constant or the ratio m e /m p 
of electron mass to proton mass, could be measured 
with such high precision that the question of whether 
these “constants” are really constant or change slightly 
with time over millions of years can now be attacked 
experimentally with measurement times of a few years. 

The central importance of atomic physics for many 
other fields is schematically illustrated by the block 
diagram in Fig. 1.1. 

Besides its influence on the technological deve- 
lopment, atomic physics and quantum theory have 
essentially contributed to a modern view of nature 
that replaces the former mechanistic concept of our 
world [1.12]. The belief of a strict separation bet- 
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Fig. 1.1. The central role of atomic physics 



ween matter and energy had to be modified by the 
recognition that both manifestations of nature are in- 
terchangeable and the anticipation of a strict causality 
for all processes in our surrounding has now been limi- 
ted by the uncertainty relations in quantum mechanics. 
Maxwell’s daemon of classical physics, who could ex- 
actly predict the future outcome of events as long as he 
knew the initial conditions sufficiently accurately, has 
to be replaced by probability statements, since the exact 
knowledge of all initial conditions is not possible. The 
deterministic view of nature, where all future events 
were already determined by the present conditions had 
to undergo a critical revision. This change in the con- 
cept of nature has considerably influenced philosophy 
and epistemology, i.e., the theory of knowledge, and 
has induced hot discussions about the question of whe- 
ther objective cognition is possible independent of the 
thinking subject [1.13]. 

These few examples should have illustrated the im- 
portance of atomic physics for our modern world and 
why it is therefore worthwhile to study this fascinating 
field in more detail. 



1.2 Molecules: 

Building Blocks of Nature 

In nature we find 92 different elements that correspond 
to stable atoms. These atoms can form larger entities, 
called molecules. The smallest molecules consist of two 
atoms, such as H 2 , Nj, O 2 , NaCl, etc., while large mo- 



lecules (for instance proteins or DNA) are composed of 
many thousands of atoms (Fig. 1.2). 

The large variety and the manifold of species in na- 
ture is due to the huge number of possible combinations 
of these 92 stable atoms to form molecules. The che- 
mical and therefore the biological properties of these 
molecules depend on: 

• The specific kind of atoms they are composed of. 

• The spatial structure of the molecules, i. e., the way 
in which the atoms are arranged within the molecule. 

• The binding energy of atoms or atomic groups in 
the molecule. 

• The stability, depending on the heights of the energy 
barrier, that has to be overcome to change the 
geometrical structure of the molecule. 

Only recently has it become possible to calculate 
the structure and the binding energies of small- and 
medium-sized molecules by ab initio methods using 
fast computers. In many cases, however, experimental 
methods are still indispensable because sufficiently ac- 
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curate calculations surpass the capacity of even large 
computers. 

The goal of such investigations is a better know- 
ledge of molecular structure and the potential surfaces 
that determine this structure and the relevant binding 
energies. In recent years the dynamics of excited mole- 
cules, i.e., the way the energy, pumped into a molecule 
(for example by absorption of light), is distributed wi- 
thin the molecule over the course of time, has attracted 
more and more interest from researchers. With a time 
resolution of a few femtoseconds (1 fs = 1 0 1 5 s) ob- 
tained with ultrashort laser pulses, it is now possible to 
observe the motions of atoms in molecules in real-time 
and to gain much information on molecular dynamics, 
such as dissociation or isomerization. This allows one 
to follow more closely the atomic processes in chemical 
reactions. In special cases it is even possible to control 
such reactions, i.e., to enhance wanted reaction chan- 
nels and to suppress unwanted ones. This opens the 
way for controlled synthesis of larger molecules from 
smaller constituents. 

Many biological processes, such as energy pro- 
duction in living cells, photosynthesis, ion migration 
through cell walls, signal transport in nerves or the time 
sequence of the visual process from the illuminated re- 
tina in the eye to the recognition of the light image in 
the brain, can now be studied in more detail due to ad- 
vanced experimental techniques developed in atomic 
physics [1.14]. 

The experimental and theoretical molecular phy- 
sics therefore gains increasing attention for many fields 
in modern chemistry and biology. In many laborato- 
ries, researchers are working on the ambitious goal of 
unraveling the structure and the arrangement of dif- 
ferent amino acid molecules in large biomolecules, to 
understand their role in genes and to clarify the genetic 
code and its relevance for the characteristic features of 
life [1.15], 



1.3 Survey on the Concept 
of this Textbook 

The goal of this textbook is to facilitate the under- 
standing of the structure and dynamics of atoms and 
molecules by starting from basic concepts and expe- 
rimental facts in atomic and molecular physics. It is 



also interesting to learn a little bit about the way our 
present knowledge has developed. Therefore, a short 
historical review is first provided about the successive 
improvement of the atomic concept, which has led to 
more and more refined atomic models. In particular, 
the experimental key investigations resulting either in 
the confirmation, modification or even change of exi- 
sting theories are discussed in order to give a better 
appreciation for the skill and imagination of earlier 
researchers. 

The most important theoretical approach for the de- 
scription of the microworld is certainly the development 
of quantum physics during the first three decades of the 
20th century. We will discuss in Chap. 3 the basic ex- 
perimental results that forced a correction of classical 
physics. Then the basic features of quantum physics, 
particle-wave duality, the uncertainty relation and its 
experimental verification are presented and the probabi- 
lity concept for describing processes in the microworld 
is explained. 

In Chap. 4 we then introduce the formal repre- 
sentation of quantum mechanics, in particular the 
Schrodinger equation and its application to some sim- 
ple problems, in order to illustrate differences to and 
similarities with classical physics. 

In Chap. 5 the simplest of all atoms, the hydrogen 
atom is treated with the tools acquired in the foregoing 
chapters. Here we can learn about many features that 
are also relevant for other atoms but can be calculated 
more accurately for the H atom because it is the only 
system for which the Schrodinger equation can be sol- 
ved exactly. Even here, new characteristic features such 
as the spin of the electron, resulting in the fine structure 
of the measured spectra could not immediately be ex- 
plained and demanded the broadening of the quantum 
theory and the development of a new branch of quantum 
physics, called quantum electrodynamics. 

Chapter 6 deals with atoms consisting of more than 
one electron, where new phenomena occur, which are 
related to the Coulomb repulsion between the electrons 
and to the fact that electrons cannot be distinguished 
from each other. The treatment of many-electron sy- 
stems is illustrated by the example of the two-electron 
helium atom and is then extended to larger atoms. 

The absorption and emission of light by atoms is 
a source of detailed information on the structure of 
atoms, on the possible atomic energy levels and on dy- 
namical processes in excited atoms. This also includes 
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X-rays, which are discussed in Chap. 7. After treating 
the interaction of electromagnetic radiation with atoms, 
we have laid the fundaments for the understanding of 
lasers. Their basic principle and their various technical 
realizations are presented in Chap. 8. 

In Chap. 9 we start the discussion of the basic phy- 
sics of molecules. The simplest stable molecules, the 
Hj ion (two protons and one electron) and the Hi 
molecule (two protons and two electrons) serve as ex- 
amples to explain the nomenclature and the principles 
of theoretical approximations for the description of dia- 
tomic molecules. Both examples illustrate the origin of 
the chemical binding of atoms forming a stable mole- 
cule. While for small atomic distances in a diatomic 
molecule the quantitative treatment of chemical bin- 
ding demands quantum theory, at large distances the 
binding energy is small and can be treated by clas- 
sical methods, which will be also discussed in this 
chapter. 

The most important source of information on mole- 
cular structure is provided by molecular absorption and 



emission spectra, which are discussed in more detail in 
Chap. 10. We start with diatomic molecules and treat 
polyatomic molecules in Chap. 1 1 . 

The last chapter of this textbook is devoted to ex- 
perimental techniques in atomic and molecular physics. 
Here we will illustrate how all knowledge of atomic and 
molecular structure discussed in the foregoing chap- 
ters has been achieved by experimental results and how 
experiment and theory supplement each other to effi- 
ciently achieve optimum progress in our understanding 
of the microscopic structure of matter. 

For a more detailed study of the subjects presented 
in this textbook the reader is referred to the literature 
given in the corresponding sections. Besides modern 
treatments, sometimes the original historical papers on 
new discoveries are also cited. This provides the reader 
direct access to the way new ideas came about and to the 
original interpretations of experimental results, which, 
although often ingenious, did not always agree with our 
present point of view, since our ancestors did not have 
all of facts now available to us. 



2. The Concept of the Atom 



Our present knowledge about the size and internal struc- 
ture of atoms is the result of a long development of ideas 
and concepts that were initially based both on philo- 
sophical speculations and on experimental hints, but 
were often not free of errors. Only during the 19th cen- 
tury did the increasing number of detailed and carefully 
planned experiments, as well as theoretical models that 
successfully explained macroscopic phenomena by the 
microscopic atomic structure of matter, could collect 
sufficient evidence for the real existence of atoms and 
therefore convinced more and more scientists. However, 
even around the year 1900, some well-reputed chemists, 
such as Wilhelm Ostwald (1853-1932), and physicists, 
e. g., Ernst Mach (1838-1916), still doubted the real 
existence of atoms. They regarded the atomic model 
as only a working hypothesis that could better explain 
many macroscopic phenomena, but should not be taken 
as reality. 

In this chapter we will therefore discuss, after 
a short historical survey, the most important experimen- 
tal proofs for the real existence of atoms. Furthermore, 
some measurements are explained that allow the quan- 
titative determination of all atomic characteristics, such 
as their size, mass, charge distribution and internal 
structure. These experiments prove without doubt that 
atoms do exist, even though nobody has ever seen them 
directly because of their small size. 



2.1 Historical Development 

Historically, the first concept of the atomic structure of 
matter was developed by the Greek philosopher Leu- 
cippus (around 440 B.C.) and his disciple Democritus 
(460-370 B.C.) (Fig. 2.1), who both taught that all na- 
tural bodies consist of “infinitely small” particles that 
completely fill the volume of the bodies and are not 
further divisible. They called these particles “atoms” 




Fig. 2.1. Democritus (~ 460-370 BC) (from K. FaBmann: Die 
GroBen, BD 1/2, Kindler-Verlag, Munich) 



(from the Greek word atomos = indivisible). Outside 
the atoms there is only the empty space (a vacuum). 
Different atoms differ in size and shape and the charac- 
teristic properties of matter are, according to this model, 
due to different arrangements of equal or of differing 
atoms. All observable changes in the macroscopic world 
are caused by corresponding changes in atomic compo- 
sition. Atom movements and collisions between atoms 
create and modify matter. 

We meet here for the first time the idea that the pro- 
perties of macroscopic bodies can be explained by the 
characteristics of their constituents. This hypothesis, 
which comes close to our modern concept of ato- 
mic physics, had been an extension and refinement of 
former ideas by Empedocles (490-430 B.C. ), who be- 
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lieved that everything is composed of the four elemental 
constituents: fire, water, air and soil. 

The concept of Democritus represents in a way 
a symbiosis of the different doctrines of pre-Socratic 
philosophers. First, the static hypothesis of Parmeni- 
des (around 480 B.C.) about the never-changing eternal 
existence of the world and secondly the dynamical doc- 
trine of Heraclitus (around 480 B.C. ), which stresses as 
the most important point the evolution instead of the 
static nature of things, since everything changes with 
time (nobody can submerge twice into the same river as 
the same man, because the river, as well as the man, is 
changing in time). 

According to Democritus, atoms represent static 
nature while their movements and their changing com- 
position explain the diversity of matter and its time 
evolution. 

The famous Greek philosopher Plato (427- 
347 B.C.) pushed the abstraction of the concept further. 
He used the hypothesis of the four “elements” fire, 
water, air, and soil but attributed to these elements 
four regular three-dimensional geometric structures, 
which are formed by symmetric triangles or squares 
(Fig. 2.2). Fire is related to the tetrahedron (four equila- 
teral triangles), air to the octahedron (eight equilateral 
triangles), water to the icosahedron (20 equilateral tri- 
angles), and the soil, particularly important to mankind, 
to the cube (six squares or 12 isosceles triangles). Pla- 
to’s ideas therefore reduced the atoms to mathematical 
structures that are not necessarily based on the real 
existence of matter. These “mathematical atoms” can 
change their characteristics by changing the arrange- 
ment of the elemental triangles. This is, according 
to Plato, equivalent to the observable evolution of 
matter. 

Aristoteles (384-322 B.C. ), a student of Plato, did 
not accept this concept of atoms since it contradicted 
his idea of a continuous space filled with matter. He 
also did not believe in the existence of empty space 
between the atoms. His influence was so great that 
Democritus’ hypothesis was almost abandoned and 
nearly forgotten until it was revived and modified la- 
ter by Epicurus (341-271 B.C.), who attributed atoms 
not only size but also a mass to explain why bodies fell 
down. 

After Epicurus the atomic theory was forgotten 
for many centuries. This was due to the influence of 
the Christian church, which did not accept the ma- 
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terialistic view that everything, even human beings, 
should be composed of atoms, because this seemed 
to be in contradiction to the belief in God as the 
creator of bodies and soul. There had occasionally 
been attempts to revive the atomic idea, partly in- 
duced by Arabic scientists, but they did not succeed 
against church suppression. One example was the Prior 
Nikolaus of Autrecourt in France, who was forced 
in 1348 to “withdraw” his newly developed atomic 
concept. 

The large shortcoming of all these philosophical 
hypotheses was the lack of experimental guidance and 
proof. They were more speculative. 

The real breakthrough of modern atomic physics 
was achieved by chemists in the 18th century. They 
found for many chemical reactions, by accurately weig- 
hing the masses of reactants and reaction products, that 
their results could be best explained by the hypothesis 
that all reactants consist of atoms or molecules that can 
recombine into other molecules (see below). 

Besides this increasing amount of experimental evi- 
dence for the existence of atoms, the atomic hypothesis 
won a powerful ally from theoretical physics when 
Rudolf Julius Clausius (1822-1888), James Clark Max- 
well (1831-1879), and Ludwig Boltzmann (1884-1906) 
developed the kinetic theory of gases, which could 
derive all macroscopic quantities of gases, such as pres- 
sure, temperature, specific heat, viscosity, etc., from the 
assumption that the gas consists of atoms that collide 
with each other and with the walls of the container. The 
temperature is a measure of the average kinetic energy 
of the atoms and the pressure represents the mean mo- 
mentum the atoms transfer to the wall per second per 
unit wall area. 

Quantitative information about the size of atoms 
and their internal structure, i. e., mass and charge distri- 
bution inside the atoms was only obtained in the 20th 
century. The complete theoretical description was pos- 
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sible after the development of quantum theory around 
1930 (see Chaps. 3 and 4). 

In Appendix A. 1 one finds a compilation of histo- 
rical landmarks in the development of atomic physics. 
For more detailed information on the history of ato- 
mic and molecular physics the reader is referred to the 
literature [2.1-6], 

2.2 Experimental and Theoretical 
Proofs for the Existence of Atoms 

Before we discuss the different experimental techniques 
developed for the proof of atoms, a general remark may 
first be useful. The objects of atomic physics are not 
directly visible since they are much smaller than the 
wavelength of visible light, unlike bodies in the ma- 
croscopic world. Therefore, indirect method for their 
investigation are required. The results of such expe- 
riments need careful interpretation in order to allow 
correct conclusions about the investigated objects. This 
interpretation is based on assumptions that are derived 
from other experiments or from theoretical models. 

Since it is not always clear whether these assumpti- 
ons are valid, the gain of information in atomic physics 
is generally an iterative process. Based on the results of 
a specific experiment, a model of the investigated ob- 
ject is developed. This model often allows predictions 
about the results of other experiments. These new ex- 
periments either confirm the model or they lead to its 
refinement or even modification. 

I In this way, through collaboration between ex- 
perimentalists and theoreticians, a successively 
refined and correct model can be established that 
reflects the reality as accurately as possible. 

This means that it allows correct predictions for all 
future experimental results. This will be illustrated by 
the successive development of more and more refined 
models of the atom, which will be discussed in the 
following sections and in Chap. 3. 

2.2.1 Dalton’s Law of Constant Proportions 

The first basic experimental investigations that have 
lead to a more concrete atomic model, beyond the 



more speculative hypothesis of the Greek philosophers, 
were performed by chemists. They determined the 
mass ratios of the reactants and reaction products for 
chemical reactions. The basic ideas had already been 
prepared by investigations of Daniel Bernoulli (1700- 
1782), who explained the experimental results of the 
Boyle-Marriotte Law: 

p ■ V — const at constant temperature 

where the movements of tiny particles in a gas with 
volume V exert the pressure p onto the walls around V 
through collisions with the wall. These ideas laid the 
foundations of the kinetic gas theory, which was later 
more rigorously developed by Clausius, Maxwell, and 
Boltzmann. 

Following the more qualitative findings of Joseph 
Louis Proust (1754-1826) on mass ratios of reactants 
and reaction products in chemical reactions, the English 
chemist John Dalton (1766-1844) (Fig. 2.3) recogni- 
zed, after many experiments of quantitative analyses 
and syntheses for various chemical compounds, that 
the mass ratios of reactants forming a chemical com- 
pound, are always the same for the same reaction, but 
may differ for different reactions. 

EXAMPLES 

1. 100 g of water are always formed out of 11.1 g of 

hydrogen and 88.9 g of oxygen. The mass ratio of 

the reactants is then 1:8. 




Fig. 2.3. John Dalton (1766-1844) 
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2. 100 g of copper oxide CuO contains 79.90 g Cu and 
20. 10 g oxygen with a mass ratio of about 4:1. 

3. Some reactants can combine in different mass ra- 
tios to form different products. For example, there 
are five different manganese oxides where 100 g of 
manganese combines either with 29.13 g, 43.69 g, 
58.26 g, 87.38 g or 101.95 g of oxygen. The diffe- 
rent amounts of oxygen represent the mass ratios 
2: 3:4: 6 : 7. 



From these experimental results Dalton developed 
his atomic hypothesis in 1803, which stated that the 
essential feature of any chemical reaction is the recom- 
bination or separation of atoms. Fie published his ideas 
in the paper “A New System of Chemical Philosophy,” 
which contains the three important postulates: 



• All chemical elements consist of very small 
particles (atoms), which can not be further 
divided by chemical techniques. 

• All atoms of the same chemical element have 
equal size, mass and quality, but they differ 
from the atoms of other elements. This means 
that the properties of a chemical element are 
determined by those of its atoms. 

• When a chemical element A reacts with 
an element B to form a compound AB n 
{n — 1,2,...) each atom of A recombines 
with one or several atoms of B and therefore 
the number ratio Nb/Na is always a small 
integer. 



Dalton’s atomic hypothesis can immediately ex- 
plain the experimental results given in the above 
examples: 

1 . Two hydrogen atoms H recombine with one oxygen 
atom O to form the molecule H 2 0 (Fig. 2.4). The 
observed mass ratio 11.1/88.9 is determined by the 
masses of the atoms H and O. From the mass ra- 
tio m(H)/m(0) = 1/16 (see Sects. 2.2.2 and 2.7), 
the measured mass ratio of the reactants follows 
as 

m(H 2 )/m(0) =2/16= 11.1/88.9 . 

2. For the reaction Cu + O — > CuO the mass ratio of 
the reactants corresponds to the relative masses 
m(Cu)/w(0) = 64/16 = 4: 1. 



2H + =* H 2 0 

m » o 
m „ o 

2x1 AMU + 16 AMU => 18 AMU 

Fig. 2.4. Reaction of hydrogen and oxygen to form water 
molecules as an example of Dalton’s atomic hypothesis 

3. The different manganese oxides are MnO, Mn 2 C>3, 
Mn0 2 , MnOs, and \lri2O7. Therefore, the num- 
ber of O atoms that combine with two Mn atoms 
have the ratios 2 : 3 : 4 : 6 : 7 for the different com- 
pounds, which is exactly what had been found 
experimentally. 

Since Dalton’s laws only deal with mass ratios 
and not with absolute atomic masses, the reference 
mass can be chosen arbitrarily. Dalton related all 
atomic masses to that of the FI atom as the ligh- 
test element. He named these relative masses atomic 
weights. 

Note: 

“Atomic weights” are not real weights but dimension- 
less quantities since they represent the ratio m (X) /m( H) 
of the atomic masses of an atom X to the hydrogen 
atom H. 

Jorg Jakob Berzelius (1779-1848) started to accu- 
rately determine the atomic weights of most elements 
in 1814. Nowadays this historic definition of ato- 
mic weight is no longer used. Instead of the H atom 
the 12 C atom is defined as reference. The atomic 
weight has been replaced by the atomic mass unit 
(AMU) 



1 AMU = (1/12) m( 12 C) = 1.6605 xl(T 27 kg . 



All relative atomic masses are given in these 
units. 

EXAMPLES 

The mass of a Na atom is m(Na) = 23 AMU, that 
of Uranium 238 is m( U) = 238 AMU and that of the 
nitrogen molecule N 2 is 2 x 14 = 28 AMU. 
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2.2.2 The Law of Gay-Lussac 

and the Definition of the Mole 

Joseph Louis Gay-Lussac (1778-1850) and Alexan- 
der von Humboldt (1769-1859) (Fig. 2.5) discovered 
in 1 805 that the volume ratio of oxygen gas and hydro- 
gen gas at equal pressures was always 1 : 2 when the 
two gases recombined completely to form water vapor. 
Further detailed experiments with other gases lead to 
the following conclusion: 



I When two or more different gases completely re- 
combine to form a gaseous chemical compound, 
the ratio of the volumes of reactands and reac- 
tion products at equal pressure and temperature 
is always given by the ratio of small integer 
numbers. 




Fig. 2.5. Alexander von Humboldt (1769-1859) (with kind 
permission from the Alexander von Humboldt foundation, 
Bonn) 



EXAMPLES 

1 . 2 dm 3 hydrogen gas H 2 and 1 dm 3 oxygen gas O 2 re- 
combine to form 2 dm 3 water vapor H 2 O (not 3 dm 3 
H 2 O as might be naively expected!). 

2. 1 dm 3 H 2 and 1 dm 3 Cl 2 form 2 dm 3 HC1 gas. 



Amadeo Avogadro ( 1776-1856) (Fig. 2.6) explained 
these results by introducing the definition of molecules: 

I A molecule is the smallest particle of a substance 
that determines the properties of this substance. It 
is composed of two or more atoms. 



Referring to the experimental results of Gay-Lussac, 
Avogadro concluded: 

I At equal pressures and temperatures, the same vo- 
lume of different gases always contains the same 
number of molecules. 



With this hypothesis the two preceding examples 
are described by the reaction equations: 

2 H 2 + 0 2 2 H 2 0 , 

H 2 + Cl 2 ->- 2HC1. 

The total mass M of a gas with volume V containing 
N molecules with mass m is then: 

M — N -m . (2.1) 

The mass ratio M\/ M 2 of equal volumes of different 
gases at equal pressure and temperature therefore equals 




Fig. 2.6. Amadeo Avo- 
gadro (1776-1856) with 
kind permission from the 
Deutsche Museum, Mu- 
nich 
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the mass ratios m\ jmi_ of the corresponding molecules, 
since the number N of molecules is the same for both 
gases. 

It is convenient to introduce a specific reference 
quantity of molecules, called one mole [lmol]. The 
volume occupied by one mole of a gas is called 
the mole volume Vm- The definition of a mole is as 
follows: 

I I mol is the quantity of a substance that contains 
the same number of particles (atoms or molecules) 
as 0.012 kg of carbon 12 C. 



This definition is equivalent to: 1 mol of atoms or 
molecules with atomic mass number X AMU has a mass 
of X grams. 

EXAMPLES 

1 . 1 mol helium He A 4 g helium 

2. 1 mol oxygen C >2 = 2-16g = 32g oxygen 

3. 1 mol water H 2 O A (2 ■ 1 + 16) g = 18 g water 

4. 1 mol iron oxide Fe 2 C >3 = (2 ■ 56 + 3 • 16) g = 160 g 
iron oxide 



The number N A of atoms or molecules contained in 
1 mol is the Avogadro constant. Its experimental value 
is 



N a = 6.0221415(10) x 10 23 mol' 1 . 

From the hypothesis of Avogadro the statement follows: 



Under standard conditions (p — 1013 hPa, T = 
0°C) 1 mol of an arbitrary gas always occupies 
the same volume Vm, called the mole volume: 

Vm = 22.413996(39) dm 3 mol' 1 . 



2.2.3 Experimental Methods for the Determination 
of Avogadro ’s Constant 

Since the Avogadro constant N A is a fundamental quan- 
tity that enters many basic physical equations, several 
experimental methods have been developed for the ac- 
curate measurement of N A [2.7], We will only present 
some of them here. 



a) Determination of N A 

from the general equation of gases 

From the kinetic theory of gases the general equation 

p-V = N ■ k-T (2.2) 

can be derived for the volume V of an ideal gas un- 
der the pressure p at a temperature T. which contains 
N molecules. Here k is the Boltzmann constant. For 
1 mol of a gas with volume V A , N becomes N A and 
(2.2) converts to 

p-V M = N A k T=R T . (2.3) 

The gas constant 

R — N a ■ k (2.4) 

is the product of Avogadro’s and Boltzmann’s constants. 
It can be determined from (2.3) when p, Vm and T are 
measured. If the Boltzmann constant k and the gas con- 
stant R can be measured independently, the Avogadro 
constant N A can be determined from (2.3). 



b) Measurements of the gas constant R 



The gas constant R can be obtained from measurements 
of the specific heat. The internal energy of 1 mol is 

U = f-\kT-N A =\f-R-T , (2.5) 



where / is the number of degrees of freedom of the 
atoms or molecules of the substance. For example f — 3 
for atoms, / = 3 + 2 = 5 for diatomic molecules at low 
temperatures where the vibrations are not excited and 
/ = 7 at higher temperatures. 

The molar specific heat C v for a constant mole 
volume of a gas is 



C v = 




(2.6) 



This is the energy that increases the temperature of 
1 mol of a gas by 1 K and can therefore be readily mea- 
sured, giving the value of R, if the number of degrees 
of freedom / is known. 

Another way to measure the gas constant R is based 
on the difference 



R=C p -C v (2.7) 

of the molar specific heats C p at constant pressure and 
C v at constant volume. 



2.2. Experimental and Theoretical Proofs for the Existence of Atoms 



13 




Fig. 2.7. Determination of the gas constant R from measure- 
ments of the velocity of sound in argon (M = microphone, T = 
thermometer, S = loudspeaker as sound source, P = pressure 
meter) 



c) Measurement of the Boltzmann Constant 



The Boltzmann constant k was first determined in 1906 
by Jean Baptiste Perrin (1870-1942). He observed the 
vertical density distribution n(z) of small latex partic- 
les in a liquid within a glass cylinder (Fig. 2.8). At 
equilibrium the Boltzmann distribution 

n(z) = n(0)-e- m * gz/kT (2.9) 



is obtained, where m*g = (m — q\ j ■ F p )g is the effective 
weight of a particle with volume Vp, (i. e., its real weight 
minus its buoyancy in the liquid with density Q\ J. This 
gives the gradient 



dn 

dz 



= —n ■ 



m*-g 
k-T ’ 



(2.10) 



The mass m of the particles can be determined by mea- 
suring their size (volume) under a microscope and their 
density with standard techniques. 

Counting the number of n(z) yields An / dz and the- 
refore the Boltzmann constant from (2.6). The rather 
tedious counting can be avoided by the following con- 
sideration. Due to gravity the particles sink down. If the 
gravity force 



F g = {m-Q L • V v )g 

is just compensated by the friction force 



(2.11a) 



The most accurate determination of R uses the 
measurement of the velocity of sound waves v s in an 
acoustic resonator (Fig. 2.7). A spherical volume is fil- 
led with argon at a pressure p and temperature T. 
A small loudspeaker S produces sound waves that lead 
to resonant standing waves if the sound frequency mat- 
ches one of the eigenfrequencies /o,„ oc v s /X-o,n with 
/,() „ = ro/n of the spherical acoustic resonator with ra- 
dius ro. These resonantly enhanced sound waves are 
detected by a microphone M. The frequencies j\ )n of 
different resonances are measured. As is outlined in Pro- 
blem 2.6, the gas constant is related to the measurable 
acoustic eigenfrequencies /o,„, the sound velocity i> s , 
the molar specific heats C v and C v , the temperature T 
and the volume V by 

R M-vl M fl„ • r 2 Q M fl„ / 3 F \ 2/3 

T-k T K-n 2 T n 2 \Atc ) 

( 2 . 8 ) 



Ff — —6jtrjrv , 



(2.11b) 




Fig. 2.8. Stationary distribution n(z) of small particles in 
a liquid 



where k — C p /C v [2.8]. 
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which spherical particles of radius r experience when 
they fall with the velocity v in a medium with visco- 
sity 11 , the net force is zero. The constant sink velocity 
is then 



(m - gL ■ V P ) • 8 

67 Tijr 



where V p = ^itr 3 . 

(2.12) 



The downward flux of particles j s — v„ ■ n creates a con- 
centration gradient d/t/dz, which leads to an upward 
diffusion flux 



An (m — 0 L ■ V p )g 

Jdiff = — D - — — = D n , „ , (2.13) 

dz k-T 



e) Determination of Avogadro’s Constant 
from Electrolysis 



Another method for the determination of Na is based 
on Faraday’s law for electrolytic process. It states that 
the electric charge 



F — N\- e — 96,485.3383(83) C/mol 



(2.15) 



is transported to the electrode in an electrolytic cell, 
when 1 mol of singly charged ions with mass x and 
elementary charge e has been deposited at the electrode. 
Therefore, weighing the mass increase of the electrode 
after a charge Q has been transferred, yields N\. 



where D is the diffusion coefficient. 

Finally, stationary conditions are reached when both 
fluxes just cancel. This means 



EXAMPLE 

In the electrolytic process 



6jt rjr ■ D 

Jdiff + J g — 0 k — 77 , 



(2.14) 



I Therefore, the Boltzmann constant k can be de- 
termined from the measurements of viscosity 77 , 
diffusion coefficient D, temperature T, and the 
radius r of the spherical particles. 



The most accurate method to measure k will be 
discussed in Sect. 2.3.1. 

d) Direct Determination of Avogadro’s Constant 



AgN03 o- Ag + + NO 3 " 



of silver nitrate the transport of charge F means a simul- 
taneous deposition of the molar mass M — Na ■ m (Ag) 
at the negative electrode, which can be measured 
by weighing the cathode before and after the charge 
transport. With the atomic mass number of silver 
AM(Ag) = 107.89 AMU the Avogadro number 



N a = 



107.89 AMU Q 
Am e 



(2.16) 



is obtained from the measured mass increase Am 
of the electrode and the transported charge Q = 
(Am/ M)N a-£- 



From measurements of the absolute mass m of atoms X 
(see Sect. 2.7) and the molar mass Mx (i.e., the 
mass of a gas of atoms X within the molar volume 
V — 22.4 dm 3 under normal conditions p and T) the 
Avogadro constant 

Na — Mx/mx 

can be directly determined. 

The molar mass Mx can be also obtained for 
nongaseous substances from the definition 

Mx = 0.012 mx/m( n C) kg 

when the absolute mass of the carbon atoms /n( l 2 C) is 
measured (see Sect. 2.7). 



f) Determination of Na from X-Ray Diffraction 

The most accurate method for the determination of N /t 
is based on X-ray diffraction or X-ray interferome- 
try, which are used to measure the distances between 
atoms in a regular crystal [2.9]. This yields the total 
number of atoms per volume if the crystal structure is 
known. 

Let us consider a cubic crystal, where the atoms sit at 
the corners of small cubes with sidelength a (Fig. 2.9). 
When a plane wave with wavelength X is incident on 
the crystal under an angle 1 } against a crystal plane 
(Fig. 2.10) the partial waves scattered by the different 
atoms of adjacent planes with distance cl interfere with 
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Fig. 2.9. Elemen- 
tary cell of a cu- 
bic crystal 



each other. In the direction —d, which corresponds to 
the direction of specular reflection, their path difference 
is As — 2d- sin d. If As equals an integer m of the 
wavelength X, the interference is constructive and the 
amplitude of the different partial waves add up. This is 
expressed by the Bragg condition 

2d- sin d = m ■ X . (2.17) 

At a given wavelength X one obtains maxima of in- 
tensity /(d) of the scattered radiation only for those 
inclination angles d, for which (2.17) is fulfilled. 

One sees from (2.17) that for m > 0 the wavelength 

2d 

X= — sin d < 2d 
m 

has to be smaller than twice the distance d between 
adjacent crystal planes. For visible light X^> d, but for 
X-rays of sufficient energy X <2 d can be achieved (see 
Sect. 7.6). 




Fig. 2.10. Bragg-reflection of X-rays by two crystal planes 



Note: 

In (2.17) d is the angle of the incident radiation against 
the crystal planes not against the normal to the planes, 
different from the conventional definition in optics. 

The distances dk between neighboring parallel pla- 
nes depend on the orientation angle a of these planes 
against the surface planes at the cube. For a cubic crystal 
we conclude from Fig. 2.11: 

dk — a - sin oik for ak ^ 0 

dk—a for oik = 0, (2.18) 

where the lattice constant a gives the distance between 
neighboring atoms. If the crystal is turned against the 
direction of the incident beam, one obtains for different 
angles d m , maxima of the diffracted radiation, when 

dk ■ sin d — a ■ sin oik ■ sin d m — in ■ X 
for m = 1, 2, 3, . . . . 



If the wavelength X is known (see Sect. 7.6) the 
distances dk between adjacent planes and therefore the 
lattice constant a can be determined from the measured 
angles d m . 

A macroscopic crystal cube with sidelength D con- 
tains N = (D/a) '' atoms if one atom sits at every “lattice 
point”. The Avogadro number is then 



M m 

N A = N- — 
M c 



Mm 

a 3 ’ M c ’ 



(2.19) 



where M c is the mass of the crystal, measured by 
weighing, and M m is its molar mass. 




Fig. 2.11. Examples of crystal planes perpendicular to the 
drawing plane with different separations di 
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Note: 



S, 



s 2 S3 




(2.11 a,b) the Avogadro number Fig. 2 . 12 . An X-ray interferometer that has been milled out of 

a single crystal 



q ■ a 3 3 \ a ) 



( 2 . 21 ) 



from measurements of the lattice constant a (by X- 
ray diffraction) and the density q (or the mass M and 
radius R s of the sphere), since the molar mass M m is 
known. 



The experimental results for the distance a obtai- 
ned from such measurements range from 0.1— 0.5 nm, 
depending on the specific crystal. Since the diame- 
ters cl d of the atoms cannot be larger than the lattice 
constant a they have to be smaller than 0.1— 0.5 nm 
(see Sect. 2.4). This gives an upper limit for the size of 
the atoms, forming the crystal. 

The most accurate technique for measuring atomic 
distances in crystals is X-ray interferometry which com- 
bines X-ray diffraction with interferometric techniques. 
Its basic principle is illustrated in Fig. 2.12. The interfe- 
rometer consists of three parallel slices .S', , all milled out 
of one large single crystal of Si. In the first slice .Si the 
incident X-ray beam is split into a transmitted beam 1 
and a diffracted beam 2. Diffraction at the crystal pla- 
nes parallel to the xy plane (in Fig. 2.12 schematically 
drawn as horizontal lines) occurs if the Bragg condition 
(2.10) is fulfilled. Both beams again suffer diffraction 
in the second parallel slice Si where (besides the trans- 
mitted beams, not shown in Fig. 2.12) the diffracted 
beams 3 and 4 are generated, which overlap in the 
third slice .S3 where they can again be transmitted or 
diffracted. 



The transmitted part of beam 4 now interferes with 
the diffracted part 5 of beam 3 and the detector Di mo- 
nitors the total intensity, which depends on the phase 
difference between the partial waves 4 and 5. Detector 
D] measures the interference intensity of the superim- 
posed transmitted beam 3 and the diffracted beam 6 of 
beam 4. 

When the slice .S3 , which can be moved against the 
others, is shifted into the ’-direction by an amount Az 
the path difference As between the interfering beams is 
changed by 



8s = 



— [ 1 - sin(90° - 2#)] = 2 Az • sin ft . 
sin 9 



(2.22) 



The arrangement is similar to that of a Mach-Zehnder 
interferometer in optics. However, since the wave- 
length A. of X-rays is about 10 4 times smaller than that of 
visible light, the accuracy of the device must be corre- 
spondingly higher. If the .S3 is shifted continuously, the 
detectors monitor maxima or minima of the inferference 
intensity every time the path difference Ss becomes an 
integer multiple of X. 

The maxima are counted and its total number N at 
a total shift Az is 
2 Az ■ sin ft 

N = . (2.23) 

X 



The total shift Az is measured with a laser in- 
terferometer to within an uncertainty of Az/z = 

l(T 6 -l(r 7 [2.10], 
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Table 2.1. Different methods for the determination of 
Avogadro’s number 



method 


fundamental 

constant 


Avogadro’s 

number 


general gas 
equation 


universal gas 
constant R 


■j* 

5 ? 

ii 


barometric 
pressure formula 
( Perrin ) 




Boltzmann’s 
constant k 


diffusion 
( Einstein ) 


torsionsal 
oscillations 
( Kappler ) 


electrolysis 


Faraday’s 
constant F 


Na = F/e 


Millikan’s oil-drop 
experiment 


elementary 
charge e 


X-ray diffraction 
and 

interferometry 


distance d 
between crystal 
planes in 
a cubic crystal 


N a = D 3 /d 3 
for cubic primi- 
tive crystal 

N a = AM /ea 3 
for cubic face 
centered 
crystal 


measurements of 
mole volume 
Vm = D 3 or 4jrr 3 /3 





EXAMPLE 

d = 0.2 nm, Az = 1 mm, d — 30° —> N — 5 x 10 6 , 
which allows an accuracy with a relative uncertainty 
of 2 xlCU 7 . 

Table 2.1 compiles the different methods for the 
determination of the gas constant R , the Boltzmann con- 
stant k, the Faraday constant F, the elementary charge 
e and Avogadro’s number N a . The values of these con- 
stants, which are regarded today as the most reliable 
ones, are given on the inside cover of this book, accor- 
ding to the recommendation of the International Union 
of Pure and Applied Physics IUPAP (CODATA 2004). 

2.2.4 The Importance of Kinetic Gas Theory 
for the Concept of Atoms 

The first ideas of a possible relation between the inter- 
nal energy U of a gas and the kinetic energies of its 



molecules were put forward in 1848 by James Pres- 
cott Joule (1818-1889). Initiated by suggestions from 
August Karl Kronig (1822-1879), Clausius and Max- 
well put these ideas on a more quantitative basis. They 
derived independently the general equation of gases 
pV m = RT from the kinetic energies of the gas mole- 
cules. We will here only give a simplified version of 
the gas kinetic model, which assumes that the gas in- 
side a container with volume V consists of atoms or 
molecules that can be treated as small rigid balls with 
radius ro. They can undergo elastic collisions with each 
other and with the wall. For these collisions energy and 
momentum are conserved. Collisions with the wall can 
only occur, if the balls approach the wall within a di- 
stance ro- Collisions with each other can only happen 
when the distance between the ball centers becomes 
d = 2ro. For larger distances the interaction between 
the balls is zero. The interaction energy between two 
hard spheres is therefore (Fig. 2.13): 

Epot(r) = 0 for r > 2 r 0 , 

Ep 0t (r) = oo for r < 2ro . (2.24) 

If the density of such a model gas is sufficiently small 
(ro should be small compared to the mean distance (d) 
between the particles) it is called an ideal gas. For an 
ideal gas the eigenvolume V e = (4N/3)jtrQ of the N par- 
ticles is small compared to the total volume V of the gas. 




Fig. 2.13. Interaction potential between two hard spheres with 
radius ro 
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The particles can therefore be approximately treated as 
point-like particles. 

EXAMPLE 

At a pressure of 1 bar and room temperature T = 300 K, 
1 cm 3 of a gas contains about 3 xlO 19 atoms or mole- 
cules. Their mean distance is ( d ) — 3 nm. For helium 
atoms ro = 0.5 nm. This gives ro/(d) = 0.017 1 and 

Vq/V — 5 x 1 0 6 . Helium under these conditions can 
therefore be regarded as an ideal gas. 



The gas exerts a pressure p onto the wall of the con- 
tainer, which is caused by momentum transfer during 
collisions of the gas molecules with the wall (Fig. 2.14). 
Since the pressure is equal to the force per surface A and 
the force equals the time derivative of the momentum 
transfer, we obtain the relation for the pressure p: 

d / momentum transfer to A \ 

P=-rA 7 ' (Z25) 

df \ area A J 

If, for example, N x atoms with velocity v x hit a wall 
in the vz-plane per second, the momentum transfer per 
second for completely elastic collisions is 2N x mv x and 
the pressure exerted onto the wall is 

p = 2N x mv x / A . (2.26) 

The number density n of N atoms in the volume V is 
n — N/V . Let us first only consider that fraction n x in 
a cuboid with volume V that has velocities v x in the 
A'-direction (Fig. 2.15). Within the time interval At the 
number of atoms Z hitting the area A of a wall in the 
yz-planc is 

Z = n x v x AAt . (2.27) 



-v x 




Fig. 2.14. Momentum 
transfer at a particle col- 
lision with the wall 




Fig. 2.15. Illustration of (2.27) 



These are just the atoms inside the blue volume 
in Fig. 2.15 with length v x At and cross section A. 
Each atom transfers the momentum 2 mv x . There- 
fore the force acting on the surface element A is 
F = 2Zt?iv x /At = 2n x nnr x A and the pressure p acting 
on the wall is 

p = 2mn x v 2 . (2.28) 

If an atom moves with the velocity v = {v x , v y , v : ) at an 
arbitrary angle against the wall, the momentum transfer 
to the wall is only caused by its component v x , because 
the tangential components parallel to the wall do not 
transfer any momentum (Fig. 2.14). 

There is another point we have to consider. Not all 
atoms have the same velocity. At thermal equilibrium 
the velocities of a resting gas are isotropic, i.e., each 
direction is equally probable. Since the pressure of the 
gas is isotropic the momentum transfer must be the 
same in all directions. Therefore we obtain for the mean 
square values 

k) = l f N x (v x )v 2 x dv x = (i$ = k) , (2.29) 

where N is the total number of atoms or molecules in 
the gas and N x ( v x ) is the number of molecules with 
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velocity components within the interval v x to v x + dv x . 
Since on the time average the number of atoms moving 
into the +jc-direction equals that into the — x-direction, 
the pressure on a wall in the yz-plane is 

p = -n 2m (iij) = nm (it) , (2.30) 

where n is the total number density. From the relation 
v 2 — v 2 + v 2 + v 2 z we obtain with (2.29) 




Using (2.30) this gives 



pV = -N-m(v 2 ) 
y 3 2 '' 



(2.31) 



(2.32) 



where (FTm) = ( m/2)v 2 is the mean kinetic energy of 
each molecule. Using the relation n = N/V this can 
also be written as 

P = ■ (£kin> • (2.33) 



Many experiments have proved that the product pV at 
a constant number N of molecules in the volume V 
solely depends on the temperature T. This means that 
the mean kinetic energy of the molecules is a function 
of T . One defines the absolute temperature T by the 
relation 




(2.34) 



where k = 1.38054 x 10~ 23 J/K is the Boltzmann 
constant. 

With this definition (2.32) transfers into 



pV = NkT , 



(2.35) 



which represents a generalization of Boyle-Mariotte’s 
law pV — const at constant temperature T . 



2.3 Can One See Atoms? 

The spatial resolution of an optical microscope is limi- 
ted by the wavelength X of the light used to illuminate an 
object. With some tricks one may achieve a resolution 
of Ax > X/2. Using the special technique of near-field 




CCD image plane microparticles 

Fig. 2.16. Scattering of visible light by single atoms. Each 
image point corresponds to one atom 



microscopy, structures on surfaces can be resolved with 
about 30 nm resolution. Since we have seen in the pre- 
ceding paragraph, that the size of atoms is around 
0.2— 0.5 nm, we cannot expect to see atoms directly 
through a microscope with visible light (X ~ 500 nm). 

However, several techniques have been developed 
that allow an indirect observation of atoms and give 
detailed information on atomic sizes, structure and 
dynamics. 

First of all, one can mark the location of atoms with 
size d X through the light scattered by the atoms. 
When an atom travels through an intense beam of visi- 
ble laser light, it can absorb and reemit many photons 
during its flight time through the beam (Fig. 2.16). One 
can then “see” the atom as a light spot, i.e., as a structu- 
reless point and no information about its size or structure 
can be obtained. One can only say: “It’s there.” 

There are several other methods that give similar in- 
formation. With computer graphics one can produce 
nice pictures of such “atom images” on the screen, 
which may be impressive because they appear to give 
a magnified picture of the microworld of atoms and 
molecules. However, one should always keep in mind 
that such pictures are produced due to the interaction 
of light or particles with atoms. Only if this interaction 
is fully understood can the interpretation of the images 
give a true model of atoms or molecules. This will be 
illustrated by the different techniques discussed in the 
following sections. 
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2.3.1 Brownian Motion 

The biologist and medical doctor Robert Brown (1773 — 
1858) discovered in 1827 that small particles suspended 
in liquids performed small irregular movements, which 
can be viewed under a microscope. Although he first 
thought that these movements were caused by small 
living bacteria, he soon found out that the movement 
could also be observed for inorganic particles that are 
definitely not alive. 

The observation can be explained if one assumes 
that the particles are permanently hit by fast mo- 
ving atoms or molecules coming from statistically 
distributed directions (Fig. 2.17). 

The visualization of Brownian motion is very im- 
pressive. It is possible to demonstrate it to a large 
auditorium when using cigarette smoke particles in 
air, illuminated by a laser beam and viewed through 
a microscope with a video camera. 

Also here, the atoms are not directly seen but their 
impact on the smoke particle can be measured and, 
provided the mass of the smoke particle is known, the 
atomic momentum transferred to the particle, can be 
determined. 

There is a nice demonstration that simulates Brow- 
nian motion. A larger disk on an air table is hit by 
many small discs, which simulate the air molecules. If 
the large disc carries a small light bulb, its statistical 
path over the course of time can be photographed and 
the path lengths between two successive collisions (the 
free path) can be measured (Fig. 2.18). 




Fig. 2.18. Irregular 
path of a puck on 
an air table, which 
is hit statistically 
by smaller pucks 
(lecture demonstra- 
tion of Brownian 
motion) 



The basic theory of Brownian motion was developed 
independently in 1905 by Albert Einstein (1879-1955) 
and Marian Smoluchowski (1872-1917). It is closely 
related to diffusion [2.1 1], We will only briefly outline 
the basic ideas here. 

Assume particles in a gas show a small gradient 
d;z / dx of their number density n, described by the linear 
relation (Fig. 2.19) 

n(x) = n(0) - Gx . (2.36) 

Under the influence of mutual collisions the particles 
perform statistical movements with a probability distri- 
bution /(§) where § is the length of such a displacement 
in the x-direction between two collisions. The number 
density of particles with movement £, is then: 

«© d$ = nf(M) d£ with n = J «© df , 

(2.37) 




Fig. 2.17. Schematic illustration of Brownian motion 





- - ■» 5 

J J d^dx = J Jdxd^ 



x=0 5=x ^=0 0 



Fig. 2.19. Illustrating drawings for the derivation of (2.45) 
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where the distribution function /(§) is defined as 

m cl? = -«© d£ . 

n 

For a positive gradient G in (2.36) the number N + of 
particles moving through a unit area in the plane x — 0 
into the +x-direction is larger than the corresponding 
number AG in — x-direction. Therefore, the net particle 
diffusion flux through a unit area in the plane x — 0 is 
(Fig. 2.19) 



N+ - AG „ 
At €x 



(2.38) 



Out of all n(x) dr particles within the volume 
dV — A dx centered around the plane x = — x, with unit 
area A, only those particles with an elongation $ > xi 
can pass through the plane x = 0. Their number is 



dAG = 



CXJ 

/ 

$=-* 



n(x)M) d$ 



dx . 



(2.39) 



Integration over all volume elements along the negative 
x-axis yields with (2.36) 

0 / oo ) 



AG = 



-/ / 

x=-oo 



(n(0) - Gx)M) d£ 






dx . 
(2.40a) 



Renaming the variable x = —x' gives 

/ °? \ 



N + = 



-f / 



dx' . 



(n(0) + Gx')/© d$ 

r'=0 \S=x' ) 

(2.40b) 

In a similar way we obtain for the rate AG of particles 
moving from right to left in Fig. 2.19 

/ -°° \ 



AG = 



-I / 



dx , 



(n(0)-Gx)/@d£ 

-< o \£=- 

(2.41a) 

which can be transformed by the substitution £ — > — 
(note that the distribution function /(§) is symmetric 
and therefore f (—'£,) = /(£)) into 

/ °? \ 



AG = 



-f / 

A=0 \£'=X 



(n(0) — Gx) /((;') dr 



dx . 






(2.41b) 



Since the name of a variable is irrelevant, we can 
rename x' — > x in (2.40b) and f in (2.41b). Sub- 
tracting (2.41b) from (2.40b) we obtain the difference 




\ 

m d§ 



x dx 




m d£ , 



(2.42a) 



where the interchange of the integration limits does not 
change the double integral since both cover the blue 
area in Fig. 2.19. 

Integration over x gives 



AN = gJ dH . (2.42b) 

o 

Since the distribution function /(£) is symmetric 
(/(£) = /(— $)) we can write (2.42b) as 

+oo 

AN= l -G j S 2 md $ = \g[H 2 ) (2.42c) 

£=— oo 

because the average (§ 2 ) is defined as 



+oo 

ri=/? 



rm ^ ■ 



(2.43) 



Inserting (2.42c) into (2.38) yields the relation 



Jdiff : 



1 <r> 

2 At 



(2.44a) 



between particle diffusion flux density and density 
gradient G. 

According to (2.13) we can also write as 



,/diff = —D— — —D ■ G . (2.44b) 

dx 

The comparison of (2.44a) with (2.44b) gives the 
diffusion coefficient 




(2.45a) 



expressed by the average squared elongation of the 
particles on their statistical path (Fig. 2.18). 
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The diffusion process is due to the kinetic energy 
of the particles and their collisions in a medium with 
a density gradient. The influence of collisions can 
be macroscopically described by the viscosity rj. For 
spherical particles with radius r, where the friction 
force equals 6jtt]rv (Stokes’ law), we obtain according 
to (2.14) 

kT 

D = (2.45b) 

67 rt]r 

and therefore the mean square deviation of a particle 
from its position at time t — 0 in a gas with viscosity 77 
is 

n kT 

2 =- At. (2.46) 

inrir 

It depends on the temperature T, the viscosity ij and 
the radius r of the particle and increases linearly with 
time At. 

I The quantity t/(§ 2 }, which is a measure of the 
mean deviation of a particle from its original 
location at time t — 0 increases during the time 
interval At only with the square root \J~At. 



If the mean quadratic deviation (£ 2 ) can be mea- 
sured, the Boltzmann constant k can be determined 
from (2.46). 



Eugen Kappler (*1905) demonstrated an elegant ex- 
perimental technique in 1939 [2.12], A modern version 
of it is shown in Fig. 2.20a. A small mirror is suspen- 
ded on a thin torsional wire. The air molecules impinge 
on the mirror surface and cause, by their momentum 
transfer, small statistical angular deviations Atp of the 
mirror from its equilibrium position at q> — 0 , which can 
be monitored by the reflection of a laser beam, detected 
with a position-sensitive CCD detector. 

The system has only one degree of freedom; it can 
only perform torsional vibrations around the axis defi- 
ned by the torsional wire. With the deviation angle q> 
from the equilibrium position tp — 0 , the mean potential 
and kinetic energies are: 

(E pot )=^D T (<p 2 ) = hT , (2.47a) 

(£km> = ^(r) = \kT, (2.47b) 

where D r is the restoring torque of the torsional wire 
and I the moment of inertia of the system. 

The statistical deviations of (p from the equili- 
brium position tp — 0 of the mirror (Fig. 2.20b) follow 
a Gaussian probability distribution (Fig. 2.20c) 

P(cp) = P( 0)e-v 2 /^ 2 ) . (2.48a) 

The measured full half-width 

A<p = 2y/Jcp^)\n2 (2.48b) 




Fig. 2.20a-c. Determination of the Boltzmann constant k 
from the Brownian torsional motion of a mirror, (a) Ex- 
perimental setup, (b) Statistical path of the reflected light 



beam, (c) Probability distribution W((p) for the torsio- 
nal elongation ip for an averaging time of 0.55 s (a) and 
0.27 s (>S) 
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of this distribution yields the mean square deviation (< p 2 ) 
and from (2.21) the Boltzmann constant 

k = (D r /T) (cp 2 ) = ( D r /T )^- . (2.49) 

' ' 4 In 2 



2.3.2 Cloud Chamber 

Charles T. Wilson (1869-1959) developed his cloud 
chamber in 1911, which allowed him to view the spur 
of single fast atoms, ions or electrons entering the cham- 
ber. The basic principle is as follows: Incident particles 
with sufficient kinetic energy can ionize the atoms or 
molecules in the cloud chamber, which is filled with 
supersaturated water vapor (nowadays alcohol vapor is 



i 




Fig. 2.21. Cloud chamber tracks of a particles (= He nuclei), 
which are emitted from a source below the lower edge of the 
photograph. One a particle collides with a (not visible) nitro- 
gen nucleus at the crossing point of the two arrows, forming 
an *gO nucleus and a proton. The O nucleus flies towards 11 
o’clock (from W. Finkelnburg: Einfiihrung in die Atomphysik, 
Springer, Berlin Heidelberg New York, 1976) 



generally used). The ions, formed along the spur of the 
incident particle, attract the polar water molecules and 
act as condensation nuclei for the formation of small 
water droplets. When the chamber is illuminated by 
visible light, the droplets cause Mie-scattering which 
makes the particle track visible as a thin bright spur of 
tiny water droplets (Fig. 2.21). 

Although the observation of the different tracks in the 
cloud chamber is impressive, it does not allow a direct 
view of the incident particles themselves but only loca- 
tes their paths through the chamber. In former times the 
cloud chamber was used for the observation of nuclear 
reactions (see the example in Fig. 2.2 1 ). Nowadays a new 
device, the bubble chamber, has replaced it and the cloud 
chamber is mainly used for demonstration purposes. 

2.3.3 Microscopes with Atomic Resolution 

During the last four decades of the 20th century, new 
devices have been developed that allow a spatial reso- 
lution within the subnanometer range, and are therefore 
capable of making single atoms “visible.” Since their 
basic understanding demands the knowledge of atomic 
physics and solid state physics, they can only be ex- 
plained here in a more qualitative way while for their 
quantitative description the reader is referred to the 
literature [2.13, 14]. 

b) Field Emission Microscope 

The oldest of these devices is the field emission elec- 
tron microscope (Fig. 2.22) developed by Ernst Muller 
in 1937 [2.15]. A very sharp tip at the end of a thin 
tungsten wire serves as a cathode in the middle of an 
evacuated glass bulb. The anode has the form of a sphere 
and is covered on the inside with a fluorescent layer (like 
a television screen). When a voltage V of several kilo- 
volts is applied between cathode and anode, the electric 
field strength at the cathode surface is 




r 



where r is the radius of the nearly spherical tip of the 
tungsten wire (Fig. 2.22b). With special etching tech- 
niques it is possible to fabricate tips with r < lOnm! 
This means that for a moderate voltage V — 1 kV the 
electric field at the surface of the tungsten tip is al- 
ready E > 10 11 V/m. Such high electric fields exceed 
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Fig. 2.22. (a) Basic concept of the field emission microscope, 
(b) Enlarged view of the tungsten tip. (c) Image of the tungsten 
surface around the tip, 10 7 -fold enlarged on the screen of the 
field emission microscope, (d) Visualization of Ba atoms on 
the tungsten tip 



the internal atomic fields (see Sect. 3.5) and are suffi- 
ciently large to release electrons from the metal surface 
(field emission, see Sect. 2.5.3). These electrons are ac- 
celerated by the electric field, follow the electric field 
lines, and impinge on the fluorescent screen at the anode 
where every electron causes a small light flash, similar 
to the situation at the screen of an oscilloscope. Most 
of the electrons are emitted from places at the cathode 
surface where the work function (i.e., the necessary 
energy to release an electron) is minimum. These spots 
are imaged by the electrons on the spherical anode (ra- 



dius R) with a magnification factor M = R/r. With 
R — 10 cm and r — 1 0 nm a magnification of M — 10 7 
is achieved (Fig. 2.22). 

Even with this device, only the locations of elec- 
tron emission are measured but no direct information 
on the structure of atoms is obtained. If other atoms with 
a small work functions are brought to the cathode sur- 
face (for example by evaporating barium atoms from 
an oven near the cathode) then the electron emission 
mainly comes from these atoms. One can now see these 
atoms and their thermal motions on the cathode surface 
with 10 7 fold magnification (Fig. 2.22d). 

b) Transmission Electron Microscope 

The electron microscope, first invented by Ernst Ruska 
in 1932 has meanwhile been improved so much that it 
reaches a spatial resolution of 0.1 nm [2.16, 17]. The 
electrons are emitted from a heated cathode wire with 




Fig. 2.23. Principle setup of the transmission electron 
microscope 
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a sharp kink (hair needle cathode) and are accelerated by 
a high voltage (up to 500 kV). With specially formed 
electric or magnetic fields, serving as electron optics 
(see Sect. 2.6) the electrons are imaged onto the sam- 
ple, which is prepared as a thin foil (Fig. 2.23). While 
transmitting through the sample, the electrons are de- 
flected by elastic collisions or loose energy by inelastic 
collisions. The transmitted electrons are imaged again 
onto a fluorescent screen where a magnified image of 
the absorption or scattering centers in the sample is pro- 
duced, which can be viewed either through an optical 
microscope or with a CCD camera and an electronic 
image converting system. 

The spatial resolution of the electron microscope 
increases with decreasing size of the electron source. 
A nearly point-like source can be realized with field 
emission from a sharp edged tungsten tip (Fig. 2.25) 
like that in the field emission microscope. The emitted 
electrons can than be imaged by the electron optics to 
form a nearly parallel beam that traverses the sample. 
Each point of the sample is then imaged with a large 
magnification onto the screen. 

The drawbacks of the transmission electron 
microscope are the following: 

• Due to strong absorption of electrons by solid ma- 
terials, the penetration depth is very small. One 

therefore has to prepare the sample as a thin sheet. 





Fig. 2.24. Image of nerve cells in a thin undyed frozen slice 
taken with a transmission electron microscope (with kind 
permission of Zeiss, Oberkochen) 




Fig. 2.25. Field-emission electron source where the electrons 
are emitted from a point-like tungsten tip and imaged by 
electrostatic lenses 

• The electron beam has to be intense in order to ob- 
tain sufficient image quality with a high contrast. 
This means a larger current density j and total elec- 
tron current I = Aj, where A is the illuminated 
area. 

• The unavoidable absorption heats the sample up, 
which may change its characteristics or may even 
destroy parts of the sample. This is particularly 
critical for biological samples. 

Most of these drawbacks can be avoided with the 
scanning electron microscope. 

c) Scanning Electron Microscope 

In the scanning electron microscope (Fig. 2.26) the elec- 
tron beam is focused onto the surface of the sample 
(which now is not necessarily a thin sheet), where it 
produces light emission by excitation of the sample mo- 
lecules and secondary electrons by impact ionization. 
The electron beam is scanned over the surface of the sam- 
ple by an appropriate deflection program for the electron 
optics. This is quite similar to the situation in a TV tube. 

The fluorescence light can be viewed through an 
optical microscope or the secondary electrons, emitted 
from the surface element d.v dy of the sample, are ex- 
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traded by an electric extraction field and imaged onto 
a detector where a signal S(x, y, t) is produced that 
depends on the intensity of the secondary electrons 
emitted from the small focal area dx dv around the 
point (x, y), which in turn depends on the characteristic 
properties of the sample at that location [2.18, 19]. 

d) Scanning Tunneling Microscope 



The highest spatial resolution of structures on electri- 
cal conducting solid surfaces has so far been achieved 
with the scanning tunneling microscope, invented at 
the research laboratories of IBM in Riichlikon, Swit- 
zerland [2.20,21] in 1984 by Gerd Burning (*1947) 
and Heinrich Rohrer (*1933), who were awarded the 
Nobel Prize in 1986 for this invention. 

Similar to the electron field microscope a tungsten 
needle with a very sharply etched tip is used, which is 
however, not fixed but is scanned in a controllable way 
at a very small distance (a few tenths of a nanometer) 
over the surface. 




o o o o 

Fig. 2.27. Scanning tunneling microscope 



If a small voltage of a few volts is applied between 
the tip (cathode) and the surface (anode) the electrons 
can jump from the needle into the surface by a process 
called tunneling (see Sect. 4.2.3). The electric current 
depends exponentially on the distance between tip and 
surface. When the tip is scanned over the surface by 
piezo elements (these are ceramic cylinders that change 
their length when an electric voltage is applied to them), 
any deviation of the surface in the ^-direction from the 
exact xy-plane results in a change of the tunnel current 
(Fig. 2.27). 

Generally the tunnel current is kept constant by 
a controlled movement of the tip in vertical direction, 
which always keeps it at the same distance Az from the 
real surface and therefore reflects the topography z(x, v) 
of the surface. The control current of the piezo element 
for the movement in z-direction is then taken as the 
signal, which is transferred to a computer where a ma- 
gnified picture of the surface can be seen (Fig. 2.28). If 
single atoms or molecules are adsorbed at the surface, 
they can be viewed by this technique, because the di- 
stance to the needle is changed at the location of the 
atom. 

e) Atomic Force Microscope 



The tunneling microscope is restricted to the investiga- 
tion of conductive surfaces because for nonconductive 
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Fig. 2.28. Arsenic atoms at the surface of a galliumarsenate 
single crystal, visualized by a scanning tunneling micros- 
cope (image size 17mmx 17 mm). Non-periodic structures 
and steps on the surface can be resolved on an atomic scale 
(with kind permission from A.J. Heinrich, W. Wenderath and 
R.G. Ulbricht, University of Gottingen) 

surfaces the tunnel current would result in surface char- 
ges that alter the potential and therefore the voltage 
between needle and surface. This limitation can be over- 
come with the atomic force microscope, which uses 
a similar design as the tunneling microscope [2.22], 
However, here it is not the tunnel current that is mea- 
sured but the force between the atoms of the tip and 
those at the surface. These very small forces are mea- 
sured by monitoring, through the reflection of a laser 
beam, the small upwards or downwards shift of the care- 
fully balanced lever carrying a small and sharp-edged 
tip [2.23]. 

An impressive demonstration of the capabilities of 
the atomic force microscope was published by scientists 
at the IBM research center in San Jose [2.24], A clean 
nickel surface at low temperatures was covered by a few 
Xenon atoms. With the atomic force microscope these 
atoms were picked up and transported to selected places 
on the surface, where they were released in such a way 
that the atoms formed the letters IBM (Fig. 2.29). A si- 
milar experiment was performed by Karl-Heinz Rieder 
and his group at the Free University of Berlin [2.25], 




Fig. 2.29. Manipulation of single Xe atoms on a Ni(l 10) sur- 
face with an atomic force microscope (with kind permission 
of Dr. Eigler) 




Fig. 2.30. Arrangement of single CO molecules on a copper 
surface to form the letters FU (with kind permission of Prof. 
Rieder, FU Berlin) 



who wrote the letters “FU” on a copper surface using 
CO molecules (Fig. 2.30). 

I This is probably the most impressive way to make 
single atoms “visible”, since here not only the 
loc ation but also the size of the atoms or molecules 
can be measured. 

For a survey on these different modern techniques 
the reader is referred to the literature [2.20, 25]. 
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2.4 The Size of Atoms 

There are many experimental methods that allow the 
estimation of atomic size. We will provide a brief survey 
here. 

In a liquid (for instance in liquid helium or argon) the 
atoms can be assumed to be densely packed (otherwise 
the liquid could be more readily compressed). If one 
mole of a liquid with density p\ occupies the volume Vm 
and has a mass Mm the volume of a single atom is 

V a < Vm/N a = Mm/ (piNa) , (2.50a) 

where Na is the Avogadro number. Assuming 
a spherical size of the atom, its radius ro is 

r 0 <(3V a /4;r) 1/3 . (2.50b) 

After discussing two further methods we will see in 
Sect. 2.8 that atoms cannot be regarded as rigid balls 
with a well-defined radius. The electron cloud around 
the atomic nucleus can be described by a charge distri- 
bution that gradually decreases with increasing radius 
and differs from the mass distribution within the atom. 
The definition of atomic size and atomic radius is there- 
fore dependent on the interaction between the atom and 
the probe used to measure these quantities. Different 
methods will therefore yield slightly different atomic 
sizes. 

2.4.2 The Size of Atoms 

in the Van der Waals Equation 

While an ideal gas (point-like particles without 
interactions) obeys the general equation 

pV u = RT (2.51a) 

between pressure p, mole volume Vm and tempera- 
ture T, a real gas with atoms of volume V a that interact 
with each other, is described by the van der Waals 
equation 

( P+-^2j(V M -b) = RT . (2.51b) 

The constant b — 4/V A V a equals four times the “eigen- 
volume” of all N a atoms in the mole volume Vm (see 
Problem 2.10), while a/V m gives the “eigenpressure” 
of the interacting atoms. The constant a depends on the 
strength of the interaction between the atoms. 



Measuring the relation between p and Vm at dif- 
ferent temperatures T allows the determination of the 
“covolume b" and therefore the volume 




(2.51c) 



of a single atom. 



2.4.2 Atomic Size Estimation 

from Transport Coefficients 



When the characteristic quantities of a gas such as 
mass density, energy density or momentum are not 
constant over the volume of the gas, the gradients of 
these quantities cause transport phenomena that finally 
lead to equilibrium at a homogeneous distribution if the 
gradient is not maintained by external influences. 

For density gradients, diffusion takes place where 
mass is transported, for temperature gradients, heat 
conduction occurs where energy is transported and for 
velocity gradients, the momentum of the molecules is 
transferred. 

All these transport phenomena are realized on 
a microscopic scale by collisions between atoms or 
molecules and therefore the mean free path length A 
(i.e., the mean distance an atom travels between two 
collisions) plays an important role for the quantitative 
description of all these phenomena. 

In a gas at thermal equilibrium with atom number 
density n and pressure p the mean free path length is 
given by 



A = 



1 

nay/ 2 



kT 

pay/ 2 



(2.52) 



where a = Tc{r\ + rj ) 2 is the collision cross section. It 
is defined as a circular disk around the center of atom A 
with atomic radius r\, through which atoms B with 
radius r 2 have to pass in order to touch atom A and 
suffer a collision (Fig. 2.31). 

For the case of a gas of equal atoms, described by 
rigid balls with diameter do, the collision cross section 
becomes a — tu/ . The factor y/2 in (2.26) accounts for 
the fact that the average relative velocity of equal atoms 
is larger by a factor of y/2 than their average absolute 
velocity. Measuring the mean free pathlength A gives 
information on the collision cross section and therefore 
on the size of the colliding atoms. 

The above mentioned transport phenomena are 
directly related to A. 
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Fig. 2.31. Determination of atomic size from the collision 
cross section a = nd 2 



• Diffusion: 

If a density gradient An/ Az exists in a gas, there will 
be a net mass transport AM/ d t per second through 
the area A perpendicular to the z-direction. The mass 
flux density is then 



1 AM d« 

j™ = T - 77" = ~V>m — 
A d? dz 



(2.53) 



The diffusion coefficient D for atoms with mass m 
and number density n can be calculated as 



_ 1_ _ 2 (kT) 3 ' 2 

3 3 pa ( 7 m ?) 1 / 2 



(2.54) 



because the mean velocity of the atoms is 
v — (SkT/mn) 1 / 2 . 

• Heat conduction 

In a gas with a temperature gradient AT/ dz the heat 
energy transported per second through the area A is 
given by 



AQ AT 

- = -XA — , 
dr dz 



(2.55) 



where X is the coefficient of heat conduction. It is 
related to the specific heat c v of the gas at constant 
volume by 



X=-nmc v vA = — -./ . (2.56) 

3 3a V rr 

Measuring the coefficient X therefore yields the 
collision cross section a and with it the atomic 
radius. 

• Viscosity of a Gas 

If a velocity gradient Av y / Ax exists in a gas flo- 
wing in the y-direction, the momentum transfer per 



second through the unit area A = 1 nr in a plane 
x = const is 

jp y = ^ (nmv 2 ) . (2.57) 

The momentum transported through a unit area in 
the plane x = const due to the velocity gradient is 
caused by collisions between atoms in neighboring 
layers Ax at x = a and x = a+ Ax. These collisi- 
ons cause a frictional force between adjacent layers, 
which depend on their difference in flow velocity v y 
and is described by the viscosity rj. One obtains 



djpy du-,, 

Ax ~ 11 Ax ’ 



(2.58) 



where 



n = —nmvA = V jtmkT . 

3 37ra 



(2.59) 



In summary: 



Measurements of diffusion coefficient D or heat 
conduction coefficient X or viscosity rj yield the 
corresponding collision cross sections and there- 
fore the size of atoms. Since atoms are not really 
hard spheres their mutual interactions do not ab- 
ruptly drop at distances r\ + ry but fall off only 
gradually. Therefore, the different methods give 
slightly different values of the atomic size. 



2.4.3 Atomic Volumes from X-Ray Diffraction 

In Sect. 2.2.3 we have seen that the diffraction of X- 
rays by periodic crystals is one of the most accurate 
methods for the determination of the distances between 
adjacent lattice planes. From such distances the vo- 
lume Ve of the elementary lattice cell (often called a 
primitive cell) (Fig. 2.32) can be obtained. In order to 
derive the volume V a of the atoms of the crystal, one 
has to know which fraction / of the elementary cell vo- 
lume is actually filled by atoms. If there are Ne atoms 
per elementary cell, we get for the atomic volume 

Fa = JVe/Ne - (2.60) 

The following three examples illustrate different values 
of f for some simple lattice structures, assuming the 
atoms to be described by hard spheres with radius /'o . 
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EXAMPLES 



3. Face-centered Cubic Crystal 

In addition to the atoms at the eight corners of the 
elementary cell one atom sits at the center of each 
of the six faces (Fig. 2.33b). 

The atoms touch each other along the side face dia- 
gonal, which has the length aV 2 = 4/'o . From the 
figure it is clear, that only one half of each atom 
at the side faces belongs to the elementary cell. 
The number of atoms per elementary cell is then: 
Ae = 8x 1/8 + 6 x 1/2 = 4 and therefore 



4(4/3)7iTq 

[(4/V2)r 0 ] 3 



(2.61c) 



1 . 



2 . 



Primitive cubic crystal 

It consists of atoms placed at the eight corners of 
the cubic elementary cell, which touch each other 
(Fig. 2.33a). The figure shows that only 1/8 of the 
volume of each atom is inside the elementary cell. 
This means that A?e = 8 x 1/8=1. The side length 
of the cubic primitive cell is a = 2ro, and the filling 
factor is 



(4/3)jt/q 

(2r 0 ) 3 



= 0.52 . 



(2.61a) 



Body-centered Cubic Crystal 
Here an additional atom is sitting at the center of the 
primitive cubic cell, which touches the neighboring 
atoms at the comers along the triad axis, so that 
4ro = aV 3. With Ne = 2 we obtain 
2(4/3)^Tq 



/ = 



[(4/V3)r 0 ]‘ 



= 0.68 . 



(2.61b) 



This shows that the face centered cubic crystal has 
the highest packing density. 

The atomic volume V a can now be obtained 
from (2.61), where Ve is determined by X-ray 
diffraction and Ne from the crystal structure. 

2.4.4 Comparison of the Different Methods 

The different methods all give the same order of 
magnitude for the atomic size although their values 
for the atomic radii differ slightly, as can be seen 
from Table 2.2. These differences have to do with 
the above-mentioned difficulty in defining an exact 
atomic radius as can be done for a rigid sphere. 
The real atoms experience long-range attractive forces 
and short-range repulsive forces when interacting with 
other atoms or molecules. The interaction potential 
between two atoms A and B can be fairly well 





Fig. 2.33a, b. Illustration of the determination of the volume 
filling factor (a) for a primitive cubic crystal (b) for a cubic 
face-centered crystal 



Table 2.2. Atomic radii in units of 10“ 10 m = 1 A for a hard 
sphere model as determined from a) the van der Waals equa- 
tion, b) the collision cross section obtained from measured 
transport coefficients, c) X-ray diffraction in noble gas crystals 
at low temperatures 



He 


1.33 


0.91 


1.76 


Ne 


1.19 


1.13 


1.59 


Ar 


1.48 


1.49 


1.91 


Kr 


1.59 


1.61 


2.01 


Xe 


1.73 


1.77 


2.20 


Hg 


2.1 


1.4 


— 



Atom a) b) 



c) 






